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K-SEMISTABILITY OF OPTIMAL DEGENERATIONS
RUADHAI´ DERVAN
Abstract. K-polystability of a polarised variety is an algebro-geometric no-
tion conjecturally equivalent to the existence of a constant scalar curvature
Ka¨hler metric. When a variety is K-unstable, it is expected to admit a “most
destabilising” degeneration. In this note we show that if such a degeneration
exists, then the limiting scheme is itself relatively K-semistable.
1. Introduction
Given a smooth projective variety X endowed with an ample line bundle L,
one of the central questions in Ka¨hler geometry is to understand whether or not
the Ka¨hler class c1(L) admits a Ka¨hler metric of constant scalar curvature. The
Yau-Tian-Donaldson conjecture states that the existence of such a metric should
be equivalent to the purely algebro-geometric notion of K-polystability [24, 20, 10].
This conjecture has been completely solved when L = −KX is the anticanonical
class, so that X is Fano and the metric is necessarily Ka¨hler-Einstein [20, 1, 3], but
is open in general. When (X,L) is given the extra structure of a rational vector
field v, one can also ask for (X,L) to be K-polystable relative to v [17], which is
then conjecturally equivalent to the existence of an extremal metric in c1(L).
By definition, K-polystability means that for all C∗-degenerations of (X,L) a
certain weight called the Donaldson-Futaki invariant is non-negative, and equal to
zero if and only if the C∗-action fixes (X,L). These C∗-degenerations are called test
configurations. Thus if (X,L) is not K-polystable, then it admits a degeneration to
another scheme (Y,H) with non-positive Donaldson-Futaki invariant. Such a test
configuration is far from unique when it exists, and so it is natural to ask if there
is a test configuration which is most responsible for the instability of (X,L).
A concrete way of interpreting this question is to ask for a test configuration
for which the normalised Donaldson-Futaki invariant is is minimised, namely for
which the Donaldson-Futaki invariant divided by the L2-norm is minimised [10].
We call such a test configuration an optimal degeneration when it exists. Existence
has been proven by Chen-Sun-Wang on polarised manifolds provided the Calabi
flow satisfies a strong curvature boundedness assumption [4], and a weak version of
existence has been proven in the toric case by Sze´kelyhidi again under assumptions
on the Calabi flow [18].
Note that if (Y,H) is the central fibre of an optimal degeneration, then it natu-
rally admits a C∗-action induced from the structure of the test configuration, with
corresponding vector field which we denote v. The purpose of this short note is to
prove the following:
Theorem 1.1. Suppose (Y,H) is the central fibre of an optimal degeneration for
(X,L), with C∗-action induced by a vector field v. Then (Y,H) is K-semistable
relative to v.
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Our proof is completely algebro-geometric, and thus holds for arbitrary varieties
or schemes (Y,H). In the K-semistable (rather than relatively K-semistable) case,
the proof simplifies and is due to Li-Wang-Xu in the Fano setting [13]. In this case,
the Theorem states that if (X,L) degenerates to (Y,H) with vanishing Donaldson-
Futaki invariant, then (Y,H) must be K-semistable. Our main technical tool is a
result of Li-Xu and Li-Wang-Xu relating degenerations of (X,L) to those of (Y,H),
which uses ideas from the theory of toric degenerations [14, 13].
An analytic motivation to study optimal degenerations is the following inequality
due to Donaldson.
Theorem 1.2. [11] We have
inf
ω∈c1(L)
∫
X
(S(ω)− Sˆ)2ωn ≥ − inf
(X ,L)
DF(X ,L)
‖(X ,L)‖2
,
where the infimum on the right hand side is taken over all test configurations for
(X,L). Here S(ω) denotes the scalar curvature, Sˆ denotes the average scalar cur-
vature, DF(X ,L) denotes the Donaldson-Futaki invariant and ‖(X ,L)‖2 denotes
the L2-norm.
Donaldson conjectures that the two infima actually coincide. Thus conjecturally
an optimal degeneration is precisely a test configuration which realises the infi-
mum of the norm squared of the scalar curvature, i.e. the Calabi functional. Our
main result then says that a test configuration realising the infimum of the Calabi
functional must be a degeneration to a relatively K-semistable scheme.
K-stability is motivated by, and is closely related to, Geometric Invariant Theory.
From this point of view, an optimal degeneration is the direct analogue of Kempf’s
most destabilising one-parameter subgroups [12]. This perspective also leads one to
expect that Theorem 1.1 is essentially sharp, i.e. (Y,H) should not be K-polystable
relative to v in general, but instead (Y,H) should be a deformation of a K-polystable
scheme which, if it were a smooth variety, should admit an extremal metric. In
the situation of Chen-Sun-Wang, it is shown that (Y,H) is a small deformation
of another polarised manifold which admits an extremal metric [4]. Even then it
seems to be new that (Y,H) is relatively K-semistable, though it might be possible
to obtain this from work of Clarke-Tipler [5].
A conjecture of Donaldson states that an optimal degeneration should, in some
sense, split up a variety into relatively log K-polystable pieces [18], where by log
K-polystability we include the data of a divisor. One concrete way of interpreting
this is to consider this process in three steps. Firstly, there should be an optimal
degeneration to a relatively K-semistable deminormal variety (Y,H), with relative
K-semistability following from Theorem 1.1. In general, Y will not be irreducible,
but one should as the next step consider the normalisation (Y ν , Hν) together with
the conductor divisor D on Y ν induced from the normalisation process. Then each
test configuration for (Y,H) induces one for (Y ν , Hν) and it is not hard to see
from the intersection-theoretic definition that the Donaldson-Futaki invariant for
(Y,H) equals the log Donaldson-Futaki invariant for (Y ν , Hν) with respect to D
[16]. One can further show that the L2-norm is unchanged by the normalisation
process (see for example [2, Theorem 3.14], or one could use the behaviour of
Euler characteristics under normalisation following [11, p470]), and hence the inner
product of two vector fields is also unchanged by normalisation by an identical
argument to [17, p80], namely writing the inner product as a difference of two
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norms. In summary, (Y ν , Hν) together with D is relatively log K-semistable with
respect to those test configurations induced from (Y,H). Unfortunately, this is
not enough to show relative log K-semistability in general as there are more test
configurations to consider. However, this does seem to strongly suggest that this
is the geometric manner in which an arbitrary variety breaks up into relatively log
K-semistable pieces. The final step arises from the expectation that each of these
pieces should admit a relatively log K-polystable degeneration.
Lastly, we remark that it may be slightly too optimistic to expect that an op-
timal degeneration exists in general. Instead what seems most likely in complete
generality is that (X,L) admits a most destabilising filtration, in the sense of Witt
Nystro¨m [23] and Sze´kelyhidi [19]. One can interpret such objects as infinite type
schemes, and it is interesting to ask what the geometry of the limiting object is in
this case, and in particular whether or not it is in some sense relatively K-semistable.
Such infinite type schemes are speculated to be relevant for the compactification
of moduli spaces of K-polystable varieties [9]. In the Fano case, however, optimal
degenerations are known to exist if one replaces the normalised Donaldson-Futaki
invariant with a slightly different numerical invariant [4, 6].
Acknowledgements: I thank Chi Li, Lars Sektnan and Ga´bor Sze´kelyhidi for
helpful comments. During part of this work, the author received funding from the
ANR grant GRACK.
2. K-stability
We work throughout over the complex numbers. Fix a polarised scheme (X,L),
so that X is projective and L is ample.
Definition 2.1. [10] A test configuration for (X,L) is a scheme X with
(i) a surjective flat morphism pi : X → C,
(ii) a relatively ample line bundle L,
(iii) a C∗-action α commuting with pi and lifting to L,
such that pi−1(t) ∼= (X,L⊗r) for all t 6= 0. We call r the exponent of (X ,L). We
say that (X ,L) is a product if X0 ∼= X .
Each test configuration admits several important numerical invariants, defined
using the induced C∗-action on the central fibre (X0,L0). Denote the Hilbert poly-
nomial of (X0,L0) by
h(k) = dimH0(X0,L
k
0) = a0k
n + a1k
n−1 +O(kn−2),
where n = dimX . If the C∗-action α on H0(X0,L
k
0) has infinitesimal generator
Ak, we define the total weight of the C
∗-action to be
w(k) = tr(Ak) = b0k
n+1 + b1k
n +O(kn−1).
This is simply the weight of the C∗-action on the determinant of H0(X0,L
k
0).
Suppose that (X ,L) admits an additional C∗-action β which fixes each fibre of pi
and commutes with α, hence induces a C∗-action on H0(X0,L
k
0) with infinitesimal
generator Bk. We then say that (X ,L) is β-equivariant and denote
d(k) = tr(AkBk) = d0k
n+2 +O(kn+1).
It follows from their construction that the ai, bi and di are rational numbers [11].
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Definition 2.2. [11, 17] We define the
(i) Donaldson-Futaki invariant of (X ,L) to be
DF(X ,L) =
b0a1 − b1a0
a0
,
(ii) inner product of α and β to be
〈α, β〉 =
d0 − b
2
0
a0
,
(iii) L2-norm to be ‖(X ,L)‖2 = (〈α, α〉)
1/2,
(iv) relative Donaldson-Futaki invariant to be
DFβ(X ,L) = DF(X ,L) −
〈α, β〉
r〈α, α〉
F(β).
Here we use the notation F(β) for the Donaldson-Futaki invariant of the product
test configuration for (X,L) induced by β.
We shall always assume our test configurations are non-degenerate, in the sense
that ‖(X ,L)‖2 > 0, following [19]. When (X,L) is a normal variety, this is equiva-
lent to restricting to test configurations with normal total space [7, 2].
Remark 2.3. The value F (β) equals (r−1 times) the corresponding value for the
product test configuration induced by β for (X0,L0). This was perhaps first ob-
served in this context by Wang [21, Theorem 26]. This can also be obtained by
analytic means in the smooth situation [8, Proposition 4.3], or by describing the
weight as an Euler characteristic [10, 22, 15], and using constancy of Euler charac-
teristics in flat families. The latter argument extends to imply the norm of β can
also be calculated either on X or X0.
Definition 2.4. [10] We say that (X,L) is K-semistable if DF(X ,L) ≥ 0 for all
test configurations.
The definition of K-polystability is slightly more delicate, as one should consider
test configurations which are isomoprhic to products away from codimension two
subschemes [7, 2]. Supposing now that (X,L) admits an additional C∗-action β,
the definition of relative K-semistability is similar.
Definition 2.5. [17] We say that (X,L) isK-semistable relative to β if DFβ(X ,L) ≥
0 for all β-equivariant test configurations.
Relative K-polystability can be defined analogously, though we will not need
this notion. We now pass from C∗-actions α, β to elements of the Lie algebra
vα, vβ ∈ Lie(Aut(X0,L0)) for notational convenience. The definitions of the quan-
tities involved immediately imply the following.
Lemma 2.6. The Donaldson-Futaki invariant computed on (X0,L0) is an additive
function on the Lie algebra.
Here adding elements of the Lie algebra corresponds to composing the (com-
muting) one-parameter subgroups α, β. The various quantities involved are scale
linearly, hence the definitions extend to rational elements of the Lie algebra. With
this definition, it is clear that one can assume 〈α, β〉 = 0 in the definition of relative
K-semistability.
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3. Proof
Following the notation in the Introduction, we have a scheme (X,L) with a test
configuration (X ,L) with central fibre (Y,H) and C∗-action induced by v. The
definition of relative K-semistability requires us to show that for all v-invariant
test configurations (Y,H) with C∗-action vY we have DFv(Y,H) ≥ 0. The main
tool will be the following result of Li-Wang-Xu and Li-Xu which induces a test
configuration for (X,L).
Lemma 3.1. [13, Lemma 3.1][14, Lemma 6.1] In this situation, for any m ≫ 0
there is a test configuration (Z,LZ) for (X,L) with central fibre (Y0,H0) and with
C∗-action generated by mv + vY .
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. Our hypothesis is that (X ,L) minimises the normalised Donaldson-
Futaki invariant over all test configurations for (X,L). In particular we have
DF(Z,LZ)
‖(Z,LZ)‖2
≥
DF(X ,L)
‖(X ,L)‖2
.
We may assume 〈v, vY〉 = 0, hence we wish to show that DF(Y,H) ≥ 0. This
quantity is simply the Futaki invariant of vY computed on Y0. By Remark 2.3 the
Futaki invariant F (v) in the definition of the relative Donaldson-Futaki invariant
can also computed on (Y0,H0), and in particular all relevant quantities can be
calculated on (Y0,H0).
Suppose for contradiction that DF(Y,H) = F (vY) < −ε for some ε > 0. By the
linearity of the Donaldson-Futaki invariant from Lemma 2.6 we have
DF(Z,LZ)
‖(Z,LZ)‖2
=
F (vY) +mF (v)
‖vY +mv‖2
<
mF (v)− ε
‖mvY + v‖2
,
where ‖mvY + v‖2 denotes the norm of the C
∗-action induced by mvY + v on
(Y0,H0).
We first assume that F (v) 6= 0, so that we may scale the actions in such a
way that F (v) = −‖v‖22. Indeed since (Y,H) is an optimal degeneration, its
Donaldson-Futaki invariant must be non-positive, and we are assuming (Y,H) is
non-degenerate, so that ‖v‖2 > 0. This is a standard scaling of the extremal vector
field in the study of extremal metrics. Thus the optimality hypothesis implies
−‖v‖2 =
F (v)
‖v‖2
<
mF (v)− ε
‖vY +mv‖2
=
−m‖v‖22 − ε
‖vY +mv‖2
,
hence
−‖v‖2‖vY +mv‖2 < −m‖v‖
2
2 − ε.
Rearranging and squaring gives
‖vY +mv‖
2
2 > m
2‖v‖22 + 2mε‖v‖2 +
ε2
‖v‖2
.
Since we assumed 〈v, vY〉 = 0, we have ‖vY +mv‖
2
2 = m
2‖v‖22 + ‖vY‖
2
2. Thus
‖vY‖
2
2 > 2mε‖v‖2 +
ε2
‖vY‖2
,
which is a contradiction for m≫ 0.
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When F (v) = 0 the argument is easier. Then (X,L) is K-semistable, and the
equality DF(Z,LZ) = mF (vY ) = mDF(Y,H) implies (Y,H) is also K-semistable.
Hence in both cases DF(Y,H) ≥ 0 and (Y,H) is K-semistable relative to v, as
desired. 
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